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1 Introduction

Thanks to observational advances, in the recent years GW detections have revolutionized our
understanding of the Universe. A specific breakthrough point for the community has been the
reported evidence of a gravitational-wave background (GWB) in the nHz frequency band by Pulsar
Timing Array (PTA) experiments (Agazie et al., 2023b; Antoniadis et al., 2023; Reardon et al.,
2023; Xu et al., 2023; Miles et al., 2024). Despite this experimental success, one of the major
challenges the community will face is establishing if the origin of this GWB is astrophysical or
cosmological (Agazie et al., 2023a; Afzal et al., 2023). Irrespective of the frequency band of
interest, the detection of an astrophysical GWB would provide information on the population of
astrophysical GW sources too weak or too abundant to be individually resolved (Sesana et al., 2008;
Ferrari et al., 1999; Ignatiev et al., 2001; Howell et al., 2004; Regimbau, 2011). If confirmed, it
could shed light on different aspects of the physics of compact objects, as their mass spectrum, spin,
formation mechanism, and connection with their astrophysical hosts (Regimbau, 2011; Chen et al.,
2019). On the other hand, in the case of a cosmological origin, several early-Universe scenarios
predict a background of GW generated by phenomena such as inflation, cosmic strings, or first-order
phase transitions (Bartolo et al., 2016, 2020; Guzzetti et al., 2016; Caprini and Figueroa, 2018;
Maggiore, 2007). Therefore, its detection would represent a unique opportunity to glimpse into the
primordial Universe and the physical processes that shaped those epochs.

Given the challenges ahead, a series of third generation GW detectors will come online in the next
decade, with the goal of covering as much as possible the GW frequency band, in an attempt to
close observational gaps between the different frequency bands that currently limit our access to
the entire GW spectrum. In this context, by the time the SKAO is fully operational, several other
detectors are also expected to start taking data, as LISA (Amaro-Seoane et al., 2017) in the mHz
band, and Einstein Telescope (Sathyaprakash et al., 2011; Abbott et al., 2017; Maggiore et al., 2020;
Abac et al., 2025) and Cosmic Explorer (Reitze et al., 2019) in the Hz-kHz band. On the other hand,
in the nHz band, the SKAO will carry forward the success story of PTA experiments (Janssen et al.,
2015) by probing an unprecedented number of millisecond pulsars across the southern hemisphere
(see also Keane et al. (2026); Shannon et al. (2026)).

In this Chapter we focus on potential synergies between pulsar timing and astrometric measurements,
which has the potential of expanding even further the observed GW frequency range, see, e.g., Wang
et al. (2022) for the case of astrometry with photometric surveys. The idea of combining apparently
disconnected experiments is motivated by the fact that any GW passing through the propagation
path of photons induces a deviation in its trajectory that results in observing a small fluctuation not
only in the photons time-of-arrival, but also in their observed angular position of emission, which
will be detectable with high-precision astrometry measures (Book and Flanagan, 2011; Braginsky
et al., 1990; Damour and Esposito-Farese, 1998; Pyne et al., 1996; Jaffe, 2004; Kaiser and Jaffe,
1997; Linder, 1986).

The first detailed characterization of the expected astrometric deflection signal induced by a GWB
was provided by Book and Flanagan (2011) in the “distant source” limit, i.e., under the assumption
that the distance from the observer to the source emitting photons is significantly larger than
the GW wavelength. This approximation is well motivated in the context observations of distant
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quasars (Pyne et al., 1996), and it allowed to place one of the first upper bounds on the dimensionless
GW energy density ΩGW (Gwinn et al., 1997; Titov et al., 2011; Darling et al., 2018). This
technique has then be refined by Aoyama et al. (2021); Wang et al. (2022); Jaraba et al. (2023)
in the context of quasars, and by Mentasti and Contaldi (2023) for sources orbiting in the Solar
System. Recently, Perna et al. (2025) developed for the first time an approach that does not require
the assumption of the “distant source” limit, which we will employ in this Chapter.

The potential of astrometric measurements is outstanding: since the only intrinsic limitations are
represented by the cadence and total time of the observations, they can easily fill the existing gap
between PTA and LISA characteristic frequencies (Çalışkan et al., 2024). Additionally, future
facilities with high observing cadence, such as the Nancy Grace Roman Space Telescope (NASA
and the Space Telescope Science Institute (STScI)), may further extend the probed frequency range
beyond 10−4 Hz (see also Rioja et al. (2026) for predictions on ultra-precise astrometry using the
SKA). The scientific potential is also unprecedented. The intrinsic vector nature of astrometric
deflections allows the construction of parity-odd correlation functions, and cross-correlations be-
tween astrometry and PTA data can provide a powerful probe of possible chiral components of the
GWB (Qin et al., 2019). Partial overlap in frequency range, combined with the distinct signatures
that a common GWB imprint on PTA and astrometric observables, highlight the importance of
cross-correlating the two datasets to enhance the precision of both observational methods (Çalışkan
et al., 2024; Vaglio et al., 2025). In summary, although the SKAO will represent a true scien-
tific milestone on its own, the full potential of this experiment will be unlocked only when its
observations are combined with complementary astronomical ones. In light of this fact, in this
Chapter we assess the potential scientific gain in adopting a synergistic approach between SKAO
and astrometric observations to detect and characterize the presence (and properties) of a GWB.

This short chapter is organized as follows. In Sec. 2 we briefly review the theory underlying angular
position deflections generated by an intervening GWB. In Sec. 3 we report the main steps of the
analysis, including the characterization of the signal in harmonic space, a brief overview of the
different astrometric tracers, and the forecast of the improvement in sensitivity due to this synergistic
approach. Finally, we conclude in Sec. 4.

2 Angular position deflection induced by a GWB

In this section, we briefly review the theory behind the angular deflection sourced by a passing GW.
The photon unperturbed world-line can be defined as

𝑥𝜇 (𝜆) = (𝑡0 + 𝜔0𝜆,−𝜔0𝜆n̂), (1)

where 𝑡0 and x = 0 are the time and position where the observation is performed, 𝜔0 is the photon
unperturbed frequency, 𝜆 is an affine parameter, and 𝑟𝑠 is the distance of the photon source in the
direction n̂. In this framework, the angular deflection on the positions of an astrophysical object
due to a intervening, monochromatic, GW is given by (Book and Flanagan, 2011)

𝛿𝑛𝑖 =

(
𝛿𝐾𝑖𝑘 − 𝑛𝑖𝑛𝑘

)
𝑛 𝑗

[
1
2
ℎ 𝑗𝑘 (𝜆0) −

(
𝛿𝐾𝑘𝑙 −

𝑝𝑘𝑛𝑙

2(1 + p̂ · n̂)

) (
ℎ 𝑗𝑙 (𝜆0) −

1
𝜆𝑠

∫ 𝜆𝑠

0
𝑑𝜆 ℎ 𝑗𝑙 (𝜆)

)]
, (2)
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where the GW direction and frequency are labeled as p̂ and 𝑓 , respectively. More explicitly, we
have (Book and Flanagan, 2011)

𝛿𝑛𝑖 =

({
1 + 𝑖(2 + p̂ · n̂)

𝜔0𝜆𝑠Ω(1 + p̂ · n̂) [1 − 𝑒−𝑖Ω𝜔0 (1+p̂·n̂)𝜆𝑠 ]
}
𝑛𝑖

+
{

1 + 𝑖

𝜔0𝜆𝑠Ω(1 + p̂ · n̂) [1 − 𝑒−𝑖Ω𝜔0 (1+p̂·n̂)𝜆𝑠 ]
}
𝑝𝑖

)
𝑛 𝑗𝑛𝑘H 𝑗𝑘𝑒

−𝑖Ω𝑡0

2(1 + p̂ · n̂)

−
{

1
2
+ 𝑖

𝜔0𝜆𝑠Ω(1 + p̂ · n̂) [1 − 𝑒−𝑖Ω𝜔0 (1+p̂·n̂)𝜆𝑠 ]
}
𝑛 𝑗H 𝑖

𝑗𝑒
−𝑖Ω𝑡0 , (3)

where Ω = 2𝜋 𝑓 , H𝑖 𝑗 contains information regarding the amplitude and polarization of the GW, and
the affine parameter 𝜆𝑠 is evaluated at the source location

𝜆𝑠 = − |x𝑠 |
𝜔0

= − 𝑟𝑠

𝜔0
. (4)

Since the stochastic deflection created by the background varies over time, the source observed at
position n + 𝛿n will effectively exhibit an apparent proper motion in the sky.

Eq. (3) can be further simplified in the case of the “distant source” limit, i.e. when the distance of
the source is greater than the wavelength of the GW causing the deflection. Taking the limit 𝑥 :=
2𝜋 𝑓 𝑟𝑠 → ∞, the angular deflection can be rewritten as

𝛿𝑛𝑖 (𝑡0, n̂) = (𝑛𝑖 + 𝑝𝑖)
𝑛 𝑗𝑛𝑘H 𝑗𝑘𝑒

−𝑖Ω𝑡0

2(1 + p̂ · n̂) − 1
2
H𝑖 𝑗𝑛 𝑗𝑒

−𝑖Ω𝑡0 . (5)

On the other hand, in the “short distance” limit where 𝑥 ≪ 1, Mentasti and Contaldi (2023) obtained
that the angular deflection reads as

(𝛿𝑛)𝑖 =
[
(1 − p̂ · n̂)𝑛𝑖𝑛 𝑗𝑛𝑘H 𝑗𝑘

2(1 + p̂ · n̂) + 1
2
𝑛 𝑗H 𝑖

𝑗

]
𝑒−𝑖2𝜋 𝑓 𝑡0 + O(𝑥). (6)

Although these limiting cases serve as easy-to-understand benchmark results, the combination of
different astrometric probes allows to span the entire range of 𝑥. For this reason, in the following
we adopt the generic results from Perna et al. (2025), which are based on the general formula in
Eq. (3), and allow to consistently account for the full 3D distribution of astrophysical sources.

2.1 Synergies with pulsar timing residual measurements

Pulsar timing residuals are also affected by the passage of the same GWs that produced the angular
deflection of astrometric tracers. Therefore, it is noteworthy to investigate the potential of combining
these two seemingly unrelated probes. Consider a pulsar at a distance r and in the direction n̂ that
periodically emits pulses observed in radio frequency. The difference in the estimated period
between pulses Δ𝑇GWB due to a GWB, also called “redshift”, can be written as

𝑧(𝑡, r) = Δ𝑇GWB
𝑇psr

=
∑︁
𝜆

∫
𝑑𝑓 𝑑p̂ ℎ𝜆( 𝑓 , p̂)

𝑛𝑖𝑛 𝑗𝑒𝜆
𝑖 𝑗
(p̂)

2(1 + n̂ · p̂) 𝑒
−2𝜋𝑖 𝑓 𝑡 [1 − 𝑒2𝜋𝑖 𝑓 𝑟 (1+p̂·n̂) ] . (7)
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Given that all the observed pulsars are at distances of order O(kpc), PTA experiments work in the
long-arm limit. This allows to neglect the last term in the square brackets (usually called pulsar
term) Roebber and Holder (2017) leading to a distance-independent expression

𝑧(𝑡, n̂) =
∑︁
𝐴

∫
𝑑𝑓

∫
𝑑p̂ ℎ𝐴( 𝑓 , p̂)

𝑛𝑖𝑛 𝑗𝑒𝐴
𝑖 𝑗
(p̂)

2(1 + n̂ · p̂) 𝑒
−2𝜋𝑖 𝑓 𝑡 . (8)

3 PTA-Astrometry joint-analysis

3.1 Harmonic analysis

The redshift is a scalar, thus we will use the well-known expansion in spherical harmonics given by

𝑧(n̂) =
∑︁
ℓ𝑚

𝑧ℓ𝑚𝑌ℓ𝑚(n̂), (9)

where 𝑌ℓ𝑚 are the spherical harmonics, and the harmonic coefficients read as

𝑧ℓ𝑚 =

∫
𝑑n̂ 𝑧(n̂)𝑌 ∗

ℓ𝑚(n̂) =
∫

𝑑n̂
𝑛𝑖𝑛 𝑗ℎ𝑖 𝑗

2(1 + n · p̂)𝑌
∗
ℓ𝑚(n̂) . (10)

On the other hand, the angular deflection is a vector; thus, it requires a decomposition in vector
spherical harmonics, as, for instance, in the case of E and B modes of the Cosmic Microwave
Background. Therefore, in this case, we have that the angular deflection is given by

(𝛿𝑛)𝑖 =
∑︁
𝑙𝑚

[
𝐸𝑙𝑚𝑌

𝐸
(𝑙𝑚) ,𝑖 (n̂) + 𝐵𝑙𝑚𝑌

𝐵
(𝑙𝑚) ,𝑖 (n̂)

]
, (11)

where𝑌𝐸(𝑙𝑚) ,𝑖 , 𝑌
𝐵
(𝑙𝑚) ,𝑖 are the components of the vector spherical harmonics defined as (Varshalovich

et al., 1988)
Y𝐸ℓ𝑚 = − 1√︁

ℓ(ℓ + 1)
∇Ω𝑌ℓ𝑚, Y𝐵

ℓ𝑚 =
−𝑖√︁

ℓ(ℓ + 1)
(n̂ × ∇Ω)𝑌ℓ𝑚, (12)

with ∇Ω being the angular part of the gradient operator. Vector spherical harmonic coefficients are
generically given by

𝑋𝑙𝑚 =

∫
𝑑n̂ (𝛿𝑛)𝑖𝑌𝑋(𝑙𝑚) ,𝑖 (n̂) , (13)

which, in the case of the E- and B-modes of astrometric measurements reduce to

𝐸ℓ𝑚 =

∫
𝑑n̂ 𝛿n · Y𝐸∗ℓ𝑚 = − 1√︁

ℓ(ℓ + 1)

∫
𝑑n̂𝑌 ∗

ℓ𝑚(n̂) (∇Ω · 𝛿n), (14)

𝐵ℓ𝑚 =

∫
𝑑n̂ 𝛿n · Y𝐵∗

ℓ𝑚 = − 𝑖√︁
ℓ(ℓ + 1)

∫
𝑑n̂𝑌 ∗

ℓ𝑚(n̂) (n̂ × ∇Ω) · 𝛿𝑛̂. (15)

In the case of the “distant source” limit, we can substitute Eq. (5) and obtain the known form

𝐸ℓ𝑚 = − 1√︁
ℓ(ℓ + 1)

∫
𝑑n̂𝑌 ∗

ℓ𝑚(n̂)
𝑛𝑖𝑛 𝑗ℎ𝑖 𝑗

1 + n · p̂
,

𝐵ℓ𝑚 = − 𝑖√︁
ℓ(ℓ + 1)

∫
𝑑n̂𝑌 ∗

ℓ𝑚(n̂)𝜀𝑘𝑖 𝑗
ℎ𝑚𝑗 𝑝

𝑘𝑛𝑚𝑛𝑖

1 + n · p̂
. (16)
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These results are reported only to suggest the commonalities between astrometric and pulsar timing
measurements in the “distant source” limit. In this sense, in this limit the harmonic coefficients of
the E-mode and redshift are related to each other, since

𝑧ℓ𝑚 = −
√︁
ℓ(ℓ + 1)

2
𝐸ℓ𝑚. (17)

This relation immediately suggests that there exists a non-vanishing correlation between pulsar
timing and astrometric measurements. Since at low multipoles 𝑧ℓ𝑚 ∼ 𝐸ℓ𝑚, we have that in terms
of expectation values ⟨𝑧ℓ𝑚𝑧∗ℓ𝑚⟩ ∼ ⟨𝐸ℓ𝑚𝐸∗

ℓ𝑚
⟩ ∼ ⟨𝐸ℓ𝑚𝑧∗ℓ𝑚⟩. In other words, at low multipoles, the

cross-correlation between 𝐸 and 𝑧 modes is of the same order of the auto-correlation without being
affected by any common source of noise. Therefore, its inclusion is fundamental not only to improve
the constraining power of astrometric observations, but also to cross-check that the measured signal
is not contaminated by systematics effects, strengthening the motivation for a joint-analysis of these
two complementary probes (Qin et al., 2019).

Irrespective of these considerations, the results of our analysis have been obtained using the fully
analytical formalism developed by Perna et al. (2025). As demonstrated in that work, the auto- and
cross-correlation angular power spectra for the redshift and E-mode are

𝐶𝑧𝑧
ℓ

=
3𝐻2

0
𝜋

(
(ℓ − 2)!
(ℓ + 2)!

) ∫ +∞

0
𝑑𝑓

ΩGW( 𝑓 )
𝑓 3 , (18)

𝐶𝐸𝐸ℓ (𝑟, 𝑟 ′) =
12𝐻2

0
𝜋

1
ℓ(ℓ + 1)

(
(ℓ − 2)!
(ℓ + 2)!

) ∫ +∞

0
𝑑𝑓Re

[
𝐹𝐸ℓ ( 𝑓 , 𝑟)

[
𝐹𝐸ℓ ( 𝑓 , 𝑟 ′)

]∗] ΩGW( 𝑓 )
𝑓 3 , (19)

where 𝐻0 is the Hubble constant and ΩGW( 𝑓 ) the dimensionless energy density; thus

𝐶𝐸𝑧
ℓ

(𝑟) =
6𝐻2

0
𝜋

1√︁
ℓ(ℓ + 1)

(
(ℓ − 2)!
(ℓ + 2)!

) ∫ +∞

0
𝑑𝑓 Re

[
𝐹𝑧
ℓ
( 𝑓 )

[
𝐹𝐸ℓ ( 𝑓 , 𝑟)

]∗] ΩGW( 𝑓 )
𝑓 3 . (20)

On the other hand, the B-mode angular power spectrum reads as

𝐶𝐵𝐵ℓ (𝑟, 𝑟 ′) =
12𝐻2

0
𝜋

1
ℓ(ℓ + 1)

(
(ℓ − 2)!
(ℓ + 2)!

) ∫ +∞

0
𝑑𝑓 Re

[
𝐹𝐵ℓ ( 𝑓 , 𝑟)

[
𝐹𝐵ℓ ( 𝑓 , 𝑟

′)
]∗] ΩGW( 𝑓 )

𝑓 3 . (21)

The 𝐹𝑋
ℓ

functions appearing for both the E- and B-modes have been introduced by Perna et al. (2025)
to fully account for the dependence on the distance of the monitored astronomical objects and extend
the allowed frequency range. As expected, in the “distant source” limit, we have 𝐹𝑋 → 1. These
expressions also show how both the amplitude and the spectral shape of the GW power spectrum
play an important role in determining the amount of correlation between these different probes.

Finally, we emphasize that the standard expectation for any cross-spectrum between B-, and E-
modes or redshift is zero because of the different parities of the E- and B-mode signals. However,
the possible existence of chirality in the GWB would induce a non-vanishing cross-correlation, and
thus it could be used to test the presence of parity violation not only in the GW signal itself, but also
in the physical mechanisms that generated such a signal. For instance, in the case of a signal with
cosmological origin, a non-zero cross-correlation would indicate the presence of parity-violating
phenomena in the primordial Universe, see, e.g., the work of Qin et al. (2019); Golat and Contaldi
(2022); Liang et al. (2023).
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3.2 Detectability estimate and Fisher analysis

We estimate the capability of SKAO to detect a GWB in correlation with astrometric probes by
evaluating the cumulative angular signal-to-noise (SNR) ratio for different total observation times
and the number of monitored pulsars. In full generality, our Signal-to-Noise ratio (SNR) is defined
as

SNR2 =

ℓmax∑︁
ℓ=2

SNR2
ℓ =

ℓmax∑︁
ℓ=2

2ℓ + 1
2

Tr
[
Cℓ (Cℓ + Nℓ)−1 Cℓ (Cℓ + Nℓ)−1] , (22)

where the (symmetric) covariance matrix of the signal reads as

Cℓ =

©­­­­­­­­­­­­«

𝐶𝑧𝑧
ℓ

𝐶
𝑧𝐸1
ℓ

· · · 𝐶
𝑧𝐸𝑛

ℓ
𝐶
𝑧𝐵1
ℓ

· · · 𝐶
𝑧𝐵𝑛

ℓ

𝐶
𝐸1𝐸1
ℓ

· · · 𝐶𝐸1𝐸𝑛 𝐶
𝐸1𝐵1
ℓ

· · · 𝐶𝐸1𝐵𝑛

. . .
...

...
. . .

...

𝐶𝐸𝑛𝐸𝑛 𝐶
𝐸𝑛𝐵1
ℓ

· · · 𝐶𝐸𝑛𝐵𝑛

𝐶
𝐵1𝐵1
ℓ

· · · 𝐶𝐵1𝐵𝑛

. . .
...

𝐶
𝐵𝑛𝐵𝑛

ℓ

ª®®®®®®®®®®®®¬
, (23)

and the noise covariance matrix is given by

Nℓ = diag
(
𝑁 𝑧𝑧
ℓ
, 𝑁

𝐸1𝐸1
ℓ

, · · · , 𝑁𝐸𝑛𝐸𝑛

ℓ
, 𝑁

𝐵1𝐵1
ℓ

, · · · , 𝑁𝐵𝑛𝐵𝑛

ℓ

)
. (24)

The angular power spectra of the noise of redshift and astrometric measurements read as (Çalışkan
et al., 2024; Perna et al., 2025)

𝑁 𝑧𝑧
ℓ

=
4𝜋
𝑁psr

∫
𝑑𝑓 |𝑊 𝑓 ( 𝑓 , 𝑓 𝑗 ,Δ 𝑓 𝑗) |2𝑆𝑛 ( 𝑓 ), 𝑁𝑋𝑘𝑋𝑘 =

2𝜋𝜎2
tot

𝑁obj
, (25)

where 𝑆𝑛 ( 𝑓 ) is the one-sided noise power spectrum, 𝑁obj and 𝑁psr are the number of astrometric
objects and pulsars considered in the analysis, respectively, and 𝜎2

tot is the total astrometric error on
the angular position.

At the same time, we also adopt a Fisher matrix approach (Fisher, 1935; Bunn, 1995; Vogeley and
Szalay, 1996; Tegmark et al., 1997) to estimate the expected sensitivity of a future joint-analysis. In
particular, we focus on a GW signal in agreement with the latest results from PTA analysis (Agazie
et al., 2023b), where

ΩGW = 𝐴

(
𝑓

𝑓𝑠

)𝛾
, (26)

with 𝐴 = 2.2 · 10−7, 𝑓𝑠 = 3 · 10−8 Hz and 𝛾 ≃ 1.63. Since in this case we are mostly interested in
estimating the amplitude 𝐴 of the GWB, we write our Fisher matrix as

𝐹𝐴𝐴 =

ℓmax∑︁
ℓ=2

2ℓ + 1
2

Tr
[
(𝜕𝐴Cℓ) (Cℓ + Nℓ)−1 (𝜕𝐴Cℓ) (Cℓ + Nℓ)−1] , (27)

and compute the forecast error as 𝜎A =

√︃
𝐹−1
𝐴𝐴

.

7



Synergies between pulsar timing array and astrometry Perna et al.

In terms of astrometric probes, we consider two candidate populations of Milky Way stars and
Main Belt asteroids. The properties of these populations, including their spatial distribution and
typical radial and angular position errors, are extensively discussed in Perna et al. (2025). On the
astrometric experimental side, we considered the possible detection of E- and B-modes by a future
GAIA-like and Roman-like satellites withe same cadence of observations and total observing time
of their predecessors, but with improved angular resolution, as reported in Perna et al. (2025).
Specifically, similarly to previous works (Mentasti and Contaldi, 2023; Çalışkan et al., 2024), we
consider a cadence Δ𝑡 = 14 days and Δ𝑡 = 30 min, and an observation time of 𝑇 = 10 years
and 𝑇 = 5 months for a GAIA-like and Roman-like experiment, respectively.

Focusing on SKAO, we consider different total observation times of 5, 10, and 20 years, and different
numbers of monitored pulsars to illustrate their impact on the final SNR. The SKAO telescopes
are expected to monitor about 200 millisecond pulsars with a fortnightly cadence; however, current
estimates suggest the possible detection of up to 1000 millisecond pulsars for the design baseline.

Figure 1: Left panel: Cumulative angular SNR for different observation times and different numbers of
monitored pulsars considering only pulsar auto-correlations. Right panel: Same as left panel, but with the
inclusion of E-modes and B-modes auto-correlations and E-z cross correlations. Figure adapted from Perna
et al. (2025).

We compute the capability of SKAO to detect a GWB by a measurement of the redshift signal
alone, and in cross-correlations with additional astrometric probes. Our results are shown in Fig. 1,
where we report the cumulative angular SNR obtained considering only pulsar auto-correlation
terms (left panel) and including also astrometric E and B mode auto correlations and non-vanishing
cross-correlations with the redshift (right panel). The figure shows that redshift measurements
alone already yield a SNR larger than unity, highlighting the scientific potential of SKAO alone. On
the other hand, the inclusion of the auto- and cross-correlations of the E- and B-mode astrometric
deflections significantly enhances the total angular SNR, going from SNR2

ℓ=2 ≃ 2 for only pulsars up
to SNR2

ℓ=2 ≃ 10 when also astrometric probes are included. This result demonstrates the practical
importance of exploiting existing and future synergy between pulsar-timing datasets and astrometric
measurements.

8
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In addition, we study the impact on the SNR of different observation times and monitored pul-
sars. Increasing the observation time improves the sensitivity, effectively reducing the amount of
instrumental and timing-model noises the longer a pulsar is observed. Similarly, increasing the
number of monitored pulsars enhances the detectability of a GW signal. We find that already after
5 years, and considering only the pulsars currently monitored by PTA experiments, the multipole
ℓ = 2 can be detected with an SNR greater than 1 (as expected, given the existing evidence for
the Hellings–Downs correlation from present-day PTA datasets). The improved sensitivity of the
SKAO relative to current PTA experiments is reflected in the higher SNR obtained when including
higher multipoles (up to ℓ = 4). We also find that doubling the number of observed pulsars increases
the total SNR within the same observing time, making the multipole ℓ = 5 relevant for the SNR
computation. Our estimates suggest that, after 20 years of observations, SKAO could detect multi-
poles up to ℓ ∼ 8, with SNR2 ≃ 44.3 for five hundred pulsars, and up to ℓ ∼ 10 with SNR2 ≃ 55.7
in the most idealistic scenario where roughly one thousand pulsars are monitored. The removal
of the astrometric signal from the analysis leads to a decrease in detectability to SNR2 ≃ 26.7
and SNR2 ≃ 38.2, respectively. We expect the improvement in sensitivity due to a joint-analysis to
be crucial, as it enables a more detailed characterization of the GW signal over a wider frequency
range, thereby increasing the constraining power of this method.

𝑇obs (yrs) 𝑁psr Auto-z Auto+Cross
5 67 9.93 · 10−8 4.45 · 10−8

5 100 8.78 · 10−8 4.37 · 10−8

10 100 7.52 · 10−8 4.22 · 10−8

10 500 4.8 · 10−8 3.55 · 10−8

20 500 4.26 · 10−8 3.3 · 10−8

20 1000 3.56 · 10−8 2.95 · 10−8

Table 1: Comparison between the error on the amplitude 𝐴 for different benchmark cases, considering only
the SKA auto-correlation and including also auto- and cross-correlations with astrometric probes.

Finally, for a more quantitative understanding of the improvement in sensitivity generated by the
inclusion of astrometric probes, we report in Tab. 1 the Fisher matrix estimates of the error on the
amplitude of the GWB for the benchmark scenarios discussed above. The relative error 𝜎𝐴/𝐴 on
the GWB amplitude in the case of a pulsar-only measurement, for 5 years and 67 pulsars monitored,
is approximately 45%, while performing a joint-analysis reduces it to ∼ 20%. In the best-case
scenario, we obtain a relative error of 16% and 13%, respectively. We note that the difference
between including or not astrometric correlations tends to decrease since the only parameters
changing in this analysis are those related to timing residuals. Thus, as the number of pulsars and
the observation time increase, SKAO is able to detect higher multipoles that otherwise would not be
seen, dominating the total SNR. However, an improvement in the angular sensitivity of astrometric
observations would still be of immense value, not only in terms of sensitivity but also for accuracy,
since it serves as a cross-check of the obtained constraints.
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4 Conclusions

In this chapter, we investigate the enormous potential of SKAO to detect and characterize a GWB,
with a particular focus on the synergy between PTA and astrometric measurements. Our findings
highlight the gain in taking a synergistic approach when looking at complementary GW probes
because of the wealth of information contained in cross-correlations. Additionally, the analysis
has been performed using the recent analytical results of Perna et al. (2025), which go beyond the
common “long-distance approximation” (Pyne et al., 1996; Book and Flanagan, 2011) and allow to
take into account the spatial distribution of astronomical sources.

We compared the potential of SKAO alone and in combination with astrometric probes by per-
forming a SNR analysis considering different SKA sensitivity curves corresponding to 5, 10, and
20 years of observations and a different number of pulsars. Our findings show that the cumula-
tive SNR2 increases by a factor of 5 already at ℓ = 2 in the most conservative scenario, where
the observatory monitors 67 pulsars for 5 years. Moreover, our results suggest that, simply by
monitoring the same number of pulsars of current PTA collaborations, SKAO is able to detect up
to ℓ = 4 after only 5 years of observation time. On the other hand, in the optimistic scenario with up
to 103 monitored pulsars over 20 years, we would detect up to ℓ = 10. This result could be further
improved by astrometric observations if they achieve a higher angular precision. We also performed
a Fisher analysis to estimate the typical error bar on the amplitude of the GWB signal, obtaining
an improvement of a factor 2 (from 𝜎𝐴/𝐴 ∼ 45% to 𝜎𝐴/𝐴 ∼ 20%) when cross-correlations after 5
years and 67 pulsars monitored and up to 13% in the optimal case of 1000 pulsars monitored for 20
years.

Additionally, in most cases of interest, the GWB can be considered stationary. Therefore, cross-
correlations between astrometric and timing residual datasets can be computed even for asyn-
chronous experiments, i.e., if the two measurements are not taken at the same time. In other
words, SKAO will provide an invaluable amount of legacy data whose scientific potential could be
exploited for decades after the experiment has ended. In conclusion, our results suggest that SKAO
will be pivotal for achieving a detection and characterization of the GWB, but also to unlock the
constraining power that complementary measurements from other probes offer.
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